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Abstract. We study the behaviour of solutions of linear non-autonomous 
parabolic equations subject to Dirichlet or Neumann boundary conditions un- 
der perturbation of the domain. We prove that Mosco convergence of func- 
tion spaces for non-autonomous parabolic problems is equivalent to Mosco 
convergence of function spaces for the corresponding elliptic problems. As 
a consequence, we obtain convergence of solutions of non-autonomous para- 
bolic equations under domain perturbation by variational methods using the 
same characterisation of domains as in elliptic case. A similar technique can 
be applied to obtain convergence of weak solutions of parabolic variational 
inequalities when the underlying convex set is perturbed. 



1. Introduction 

The primary aim of this paper is to study convergence properties of solutions of 
linear non- autonomous parabolic equations under perturbation of the domain. We 
consider a sequence of bounded open sets (£l n )n°=i m converging to a bounded 
open set il and investigate the behaviour of solutions of the following parabolic 
equations 

{Ou 
— + A„ (t)u = f n 0, t) in 0„ x (0, T] 
B n (i)u = Q on <9ft„ x (0,T] C 1 ) 

u(-,0)=uo, n in fin, 

where A„ is an elliptic operator of the form 

A n {t)u := —di[a,ij(x, t)djU + at(x, t)u) + bi{x, t)diU + cq(x, t)u, 
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and B n (t) is one of the following boundary conditions 

B n (t)u := u Dirichlet boundary condition 

B n (t)u := [oy (x, t)djU + di(x, t)u] Neumann boundary condition. 

In abstract form, (1) can be written as 

J u'{t) + A n {t)u = f(t) for t g (0, T] 
u(0) = u . n 



(2) 



in a Banach space V n , where V n := Hytfln) for Dirichlet problems or V^, := _ff 1 (S7„) 
for Neumann problems. We refer to Section 2 for the precise framework of these 
parabolic equations. We are particularly interested in singular domain perturbation 
so that change of variables is not possible on these domains. Typically, the common 
examples include a sequence of dumbbell shape domains with shrinking handle, 
and a sequence of domains with cracks. Moreover, we mostly do not assume any 
smoothness of f2 n and £1. The second aim of this paper is to study a similar 
convergence properties of solutions of parabolic variational inequalities 

f (u'(t),v - u(t)) + (A(t)u(t),v - u(t)) - (f(t),v - u(t)) > 0, Vw G K 

{ (3) 
[ u(0) = Mo- 

on (0, T) when we perturb the underlying convex set K in the problem. 

To deal with non-autonomous parabolic equations, it is common to apply vari- 
ational methods. In this paper we prove that under suitable assumptions on do- 
mains, a sequence of solutions u n of (1) converges to the solution u of a linear 
non- autonomous parabolic equation on the limit domain VL ((1) with n deleted). 
This result sometimes refers to stability of solutions under domain perturbation 
or continuity of solutions with respect to the domain. The method presented in 
this work is rather an abstract approach. In particular, it can be applied to ob- 
tain stability of solutions under domain perturbation for both Dirichlet problems 
(Theorem 4.6) and Neumann problems (Theorem 4.13). In general, it is more dif- 
ficult when handling Neumann boundary condition. We cannot simply consider 
the trivial extension by zero outside the domain for functions in the sobolev space 
ff 1 (n) because the extended function does not belong to H 1 (R N ). Moreover there 
is no smooth extension from J? 1 (SI) to if 1 (R Af ) as we do not impose any regularity 
of the domain. This means the compactness result for a sequence of solutions u n 
in [8, Lemma 2.1] cannot be applied in the case of Neumann problems. However, 
our abstract approach can be applied to Neumann problems. We refer to Section 4 
for the study on stability of solutions of non-autonomous parabolic equations under 
domain perturbation. 

The key result that enables us to determine a sufficient condition on domains for 
which solutions converge under domain perturbation is Theorem 3.4. In particular, 
Theorem 3.4 shows that continuity of solutions for non-autonomous problems can 
be deduced from the corresponding elliptic problems via Mosco convergence. We 
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refer to Section 3 for the definition and results on Mosco convergence. A similar de- 
duction is well-known for autonomous parabolic equations. This is simply because 
we can apply semigroup methods together with convergence result of degenerate 
semigroups due to Arendt [2, Theorem 5.2]. In Section 6 of the same paper, stabil- 
ity of solutions of Dirichlet heat equation is given as an example. Further examples 
on other boundary conditions including Neumann and Robin boundary conditions 
can be found in [10, Section 6]. Indeed, for quasilinear parabolic equations, Simon- 
don [17] also obtained continuity of solutions of parabolic equations under Dirichlet 
boundary condition using a similar equivalence of Mosco convergences between 
certain Banach spaces. However, Theorem 3.4 can be seen as an abstract gen- 
eralisation of [17]. We show equivalence between Mosco convergences of various 
closed and convex subsets of a Banach space rather than Mosco convergences of a 
particular choice of closed subspaces of a Banach space. The obvious reason for 
this generalisation is that Mosco convergence was originally introduced in [16] for 
convex sets and was the main tool to establish convergence properties of solutions 
of elliptic variational inequalities when the convex set is perturbed. The second 
advantage of Theorem 3.4 is that we do not only show the equivalence between 
Mosco convergence of convex subsets of the Bochner-Lebesgue space L 2 ((0, T), V) 
and Mosco convergence of convex subsets of the corresponding Banach space V but 
also show that they are equivalent to Mosco convergence of convex subsets of the 
Bochner-Sobolev spaces W((0, T), V, V). Hence a similar technique can be applied 
to obtain stability of solutions of parabolic variational inequalities when the under- 
lying convex set is perturbed (Theorem 5.3). We study convergence of solutions of 
parabolic variational inequalities in Section 5. 

An important consequence of Theorem 3.4 is that the same conditions for a se- 
quence of domains give stability of solutions under domain perturbation for both 
parabolic and elliptic equations. We refer to [5-7, 9] for the study of domain per- 
turbation for elliptic equations using Mosco convergence. 

2. Preliminaries on parabolic equations and parabolic variational 

inequalities 

In this section we state some basic results on variational methods for parabolic 
equations and a variational formulation for parabolic inequalities. 

Suppose V is a real separable and reflexive Banach space and H is a separable 
Hilbert space such that V is dense in H. By identifying H with its dual space H', 
we consider the following evolution triple 

vAhAv. 

Throughout this paper, we denote by (-|-), the scalar product in H and (■, ■), the du- 
ality paring between V' and V. For an interval (a, b) C R, we denote by L 2 ((a, b), V) 
the Bochner-Lebesgue space. We define the Bochner-Sobolev space 

W((a, b),V, V) := {u e L 2 ((a, b),V) : u' e L 2 ((a, b), V)}, 
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where v! is the derivative in the sense of distributions taking values in V. The 
space W((a, o), V, V) is a Banach space when equipped with the following norm 



u\\ w ■■= ( / K*)||v dt + / ll«'(*)llv" dt ) 



1/2 



It is well known that W((a, b), V, V) <-» C([a, b], H) 1 where the space of 7i-valued 
continuous functions C([a,b], H) equipped with the uniform norm ( [11, Theorem 
11.3.1]). Moreover, for u,v £ W((a,b),V,V) and ao,bo £ [a,b] with ao < bo we 
have the integration by parts formula 

«&o)KM) - (u(a )\v(a j) = f b °(u'(t),v(t)) + (v'(t),u(t)) dt. (4) 



Let /, J be two sets, we write J CC / if J C /. For a subset X of a Banach space 
V, we define the closed convex hull by 

k k S~ 

OLiXi I Xi £ X, oil £ M, a,; > 0, a, = 1, k = 1, 2, . . . >. 

i=l t=l J 

For each t £ [0, T], suppose a(t; •, •) is a continuous bilinear form on V satisfying 
the following hypothesis: 

• for every u, v £ V, the map t H> a(t; u, v) is measurable. 

• there exists a constant M > independent of t £ [0, T] such that 

|a(t;u,t;)|<M||u||v|M|y ) (5) 

for all u, v £ V. 

• there exist a > and Ael such that 

a(t;u,u) + \\\u\\ 2 H > a\\u\\y, (6) 

for all u £ V. 

It follows that for each t £ [0,T] and u £ V the bilinear form a(t; ■, ■) induces a 
continuous linear operator A(t) £ Jz?(V, V) with 

(A(t)u,v) = a(t;u,v), 

for all u,v £V. We easily see from (5) that sup tg [ 0T ] ||^4(£)|| &(v,v) < ^I- 

2.1. Parabolic equations. Let us consider the abstract parabolic equation 
f + A{t)u = f(t) for t £ (0,T] 

i (7) 
[ u(0) = it , 

where u £ H and f £ L 2 ((0,T),V). A function u e VT(0,T, V, V) satisfying (7) 
is called a variational solution. It is well known that u is a variational solution of 
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(7) if and only if u G £ 2 ((0,T), V) and 

'u(t)\v)4>'{t) dt + ( a(t;u(t),v)(j)(t) dt 

J ° f r (8) 

= (uo|«M0)+ / (f(t),v)4>(t) dt, 



for all u € and for all (j> G S>([0, T)). The existence and uniqueness of solution is 
given in the following theorem (see, for example, [11, XVIII §3] and [18, §23.7]). 

Theorem 2.1. Given f G L 2 ((0,T),V') and u G H, there exists a unique varia- 
tional solution of (7) satisfies 

\\u\\w(0,T,V,V>) < C(\\U \\ H + ||/||l2((0,T),\/'))- ( 9 ) 

Moreover, if A = in (6) the variational solution satisfies 

\\u(t)f H + af \\u(s)\\ 2 v ds < \\u Q \\ 2 H + a- 1 f \\f(s)f v , ds, (10) 
Jo Jo 

for all t G [0,T]. 

Note that v(t) :— e~ xt u(t) is a variational solution of (7) with A(t) replaced by 
A{t) + A. Hence we can assume without loss of generality that A = in (6). 

Let n be an open bounded set in Mr. Let D C M. N be a ball such that SJcf. 
We shall consider a closed subspace V of H 1 ^) with H^{Q) C V C i? 1 ^). Wc 
take -ff := L 2 (£l) and consider the evolution triple V -ff °-> V. In this paper, 
we study bilinear forms a(t; •,•) for t G [0,T] given by 

a(t;u,v) := / [ajj(i, £)<9jU + ai(x, t)u]diV + bi(x, t)diuv + cq(x, t)uv dx, (11) 



for u,v G V. In the above, we use summation convention with i,j running from 
1 to TV. Also, we assume ay, a.;,&i,co are functions in L°°(D x (0,T)) and there 
exists a constant a > independent of (a;, t) G f2 x (0, T) such that 

a l0 {x,t)^j > a|£| 2 , 

for all £ G 1SL N . It is clear that the map 1 1— j> a(t; u, u) is measurable for all u, « G V. 
Moreover, it can be verified that the form a(t; ■,■) defined above satisfies (5) and 
(6) (see [11]). Let A(t) be a differential operator on V defined by 

A(t)u := — di[aij(x, t)djU + ai(x, t)u] + bi(x, t)diU + cq(x, t)u. (12) 

Given uo G L 2 (D) and / G L 2 (D x (0,T)), we consider the following parabolic 
boundary value problem 
Ou 

— +A(t)u = f(x,t) inftx(0,T] 

B(t)u = on«9f2x(0,T] ( 13 ) 

«(•, 0) = uq in f2, 



(i 
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where B(t) is one of the following boundary conditions 

B(t)u := u Dirichlet boundary condition 

B(t)u := [dij(x,t)djU + ai(x,t)u] Vi Neumann boundary condition 

It is well known that we can consider the boundary value problem (13) as an abstract 
equation (7) by taking V = Hq(D.) for Dirichlet boundary problem or V = 
for Neumann boundary problem ( [18, Corollary 23.24]). 

2.2. Parabolic variational inequalities. Suppose that K is a closed and convex 
subset of V. We denote by 

L 2 ((0, T), K) := {u £ i 2 ((0, T), V) \ u{t) £ K a.e.}. 

For each t £ (0, T), suppose a(t; ■, ■) is a continuous bilinear form on V satisfying (5) 
and (6). As before, we denote the induced linear operator by A(t). Given w <= K 
and / £ L 2 ((0, T), V), we wish to find u such that for a.e. t € (0, T), u(t) e K and 

f (u'(t),v - u(t)) + (A(t)u(t), v - u(t)) - (f(t), v - u(t)) > 0, \fv G K 
\ (14) 

u(0) = u . 

A function u G W((0,T),V,V) satisfying (14) is called a strong solution of para- 
bolic variational inequality (14). In this paper, we are mainly interested in a weak 
formulation of the problem. There are various (slightly different) definitions of weak 
solution of parabolic variational inequalities (see e.g. [4], [13], [14], [15]). We shall 
define a weak notion of solution similar to the one in [13] as follows. 

Definition 2.2. A function u is a weak solution of parabolic variational inequality 
(14) if ue L 2 {{Q,T),K) and 

f (v'(t), v(t) - u(t)) + (A(t)u(t), v(t) - u(t)) - (f(t),v(t) - u(t)) dt 
J o (15) 

+\\H0) - u \\ 2 H >o, 

for all v G W((0,T),V,V) C\ L 2 {{0,T), K). 

The existence and uniqueness of weak solutions of parabolic variational inequal- 
ities have been studied by various authors according to their definitions. In our 
case, we can state the result in the following theorem. 

Theorem 2.3. Given u G K and f £ L 2 ((0, T), V). There exists a unique weak 
solution u of the parabolic variational inequality (14) satisfying u £ L°°((0, T), H). 

Note that the existence of our weak solution follows immediately from the exis- 
tence results in [14, Theorem 6.2]. The uniqueness can be proved in the same way 
as in [15, Theorem 2.3]. 
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3. MOSCO CONVERGENCE 

We often consider Mosco convergence as introduced in [16] when dealing with a 
sequence of functions belonging to a sequence of function spaces. In this section, we 
establish the key result which enables us to study domain perturbation for parabolic 
problems via the corresponding elliptic problems. We prove that Mosco convergence 
of function spaces for non-autonomous parabolic problems is equivalent to Mosco 
convergence of function spaces for the corresponding elliptic problems. Throughout 
this section, we assume that V is a reflexive and separable Banach space, and 
K n , K are closed and convex subsets of V. We start by giving a definition of Mosco 
convergence in various spaces including V, L 2 ((0, T), V) and W((0, T), V, V). 

Definition 3.1. We say that K n converges to K in the sense of Mosco if the 
following conditions hold 

(Ml) For every u £ K there exists a sequence u n £ K n such that u n — ► u strongly 
in V. 

(M2) If (nk) is a sequence of indices converging to oo, (uk) is a sequence such 
that Uk £ K nk for every k and u n u weakly in V , then u £ K . 

There is an alternative definition of Mosco convergence defined in terms of Ku- 
ratowski limits. A general result on Mosco convergence and equivalence of these 
definitions can be found in [3, Chapter 3]. 

As discussed in Section 2, solutions of parabolic equations and parabolic varia- 
tional inequalities are functions in L 2 ((0, T), V). Thus, it is worthwhile to study 
Mosco convergence in L 2 ((0, T),V). We denote by 

L 2 ((0, T),K) := {u £ L 2 ((0, T), V) \ u(t) £ K a.e.}, 

and 

C([0,T],K) := {u£ C([0,T],V) | u(t) £ K Vt £ [0,T]}. 

It can be verified that L 2 ((0, T), K) is a closed and convex subset of L 2 ((0, T),V). 
We next state Mosco convergence of function spaces for parabolic problems. 

Definition 3.2. We say that L 2 ((0, T), K n ) converges to i 2 ((0, T), K) in the sense 
of Mosco if the following conditions hold 

(Ml') For every u £ L 2 ((0,T),K) there exists a sequence u n £ L 2 ((0,T),K n ) 

such that u n — > u strongly in L 2 ((0,T), V). 
(M2') If (rife) is a sequence of indices converging to oo, (uk) is a sequence such 

that u k £ L 2 ((0, T), K nk ) for every k and u k — ^ u weakly in L 2 ((0,T), V), 

then u £ L 2 ((0,T),K). 

It is also useful to define a similar Mosco convergence in W((0,T),V,V) when 
studying domain perturbation for parabolic variational inequalities. 

Definition 3.3. We say that W((0,T),V,V) n L 2 ((0, T), K n ) converges to 
W{{0,T),V,V) n L 2 ((0, T),K) in the sense of Mosco if the following conditions 
hold 
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(Ml") for every u G W((0, T), V, V) n L 2 ((0, T), K) there exists a sequence u n G 
W((0,T),V,V) n L 2 ((0,T), A„) such that u n converges strongly to u in 
W((0,T),V t V). 

(M2") if (rife) is a sequence of indices converging to oo, (uk) is a sequence such 
that u k G VF((0,T), V", V) n A 2 ((0,T),A n J for every k, u k ^ u weakly 
in £ 2 ((0,T),V) and u' fc ui weakly in L 2 ((0, T), V), then u' = w and 

u e VF((o,T),^')ni 2 ((o,A),A). 

The following theorem is the key result of this paper. 

Theorem 3.4. The following assertions are equivalent: 

(i) K n converges to A in the sense of Mosco. 

(ii) L 2 ((0,T), K n ) converges to L 2 ((0,T), A) in the sense of Mosco. 

(hi) W((0, T), V, V')r\L 2 ((0, T), K n ) converges to W((0, T), V, V')nL 2 ((0, T), A) 
in the sense of Mosco. 

Before proving the equivalence of Mosco convergences in Theorem 3.4, we require 
some technical lemmas. 

Lemma 3.5. For a bounded open interval (a,b) C R, let u 6 L 2 ({a,b), K). If 
4> G @{{a,b)) such that dt = 1 then f*u(t)<t>(t) dt G K. 

Proof. Since A is closed and convex, J u{t)<f)(t) dt G cauv{u(t) \ t G (a, b)} C K 
for all u G L 2 ((a, b), K). □ 

Lemma 3.6. Lei / = (a, 6) fee a bounded open interval in R. If u & L 2 (I,V) and 
f r u(t)(/>(t) dt G A' /or aH € 0(J) ura'iA <f>(t) dt = 1, iften u G L 2 (J,K) for all 
J=(c,d) cel. 

Proof. Let 77 G ^(R) be the standard mollificr. For e > 0, wc define r/ c (i) = 7??(f ) 
so that ry e G fF(R) with J R rj e (t) dt = 1 and supp(r/ e ) C (— e, e). Consider the 
mollified function u e := 77^ * it. For a.e. t G J, we have 

r/ £ (t — s)[u(s) — u(i)] ds 

t-e 
t+t 



||« e (t)-u(t)||v = 

-7/ »?(^) !!«(*) 



,1 



t— e 

t+e 



< C- / ||u(s)-u(i)||v (is. 



't-e 

By Lebesgue's differentiation theorem for vector valued functions (Theorem III. 12.8 
of [12]), u e (t) — > u(t) in V a.e. t G I. By the definition of u e , 

u e (t) = J ry e (i — s)u(s) ds =: J u(s)</> c (s) ds, 

where we set (f> e (s) := r/ e (t — s). Let J CC A For t G J, we can choose e sufficiently 
small so that supp(</> £ ) = (t — e, t + e) C A It follows from the assumption that 
u £ (i) G A for all £ G J. Since A is a closed subset of V, the limit point u(t) G A 
a.e. t £ J. Hence u G L 2 (J,K) as required. □ 
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Lemma 3.7. The set C([0, T],K) is dense in L 2 ((0, T), if ). 

Proof. Note first that the lemma is trivial if if is a subspacc of V (i.e. if is 
a Banach space) [18, Theorem 23.2 (c)]. Let u £ i 2 ((0, T),K). We choose a 
function G ^((0,T)) with J Q T <j)(t) dt = 1. It follows from Lemma 3.5 that 
£ := | T u{t)4>(t) dt G A". Define the extended function u G £ 2 ((-l, T + 1), if) by 



£ on (-1,0)U(T,T+1) 

u(i) on(0,T). 



By a mollification argument, the function u e := ?y e *M belongs to C(R, V). Moreover, 
u e converges to u in L 2 ((— 1,T+ 1),^). By Choosing < e < 1, u e (t) G if for 
all i G [0,T]. Therefore, the restriction of u e on [0,T] belongs to C([0,T],if) and 
converges to u in £ 2 ((0, T), V) as e -> 0. □ 

Lemma 3.8. 77ie se£ C°°([0, T], V) n C([0,T],if) is dense m W((0, T), V, V) H 
L 2 ((0,T),if). 

iYoo/. Let u G W((0, T), V, V) n i 2 ((0, T), if). For 6 > 0, we define the stretching 
map S« : [0, T] -> [-5, T + 5] by 

S S (t):=(^±^)t-<y. (16) 



T J 

We define U<5 G W((—6, T + 6), V, V) n L 2 ((—5, T + 5), if) by uoS^ 1 , It can be 
shown that the restriction of us on (0,T) converges to u in W((0, T), V, V 7 ) as 
6 — > 0. Let 7y c be a mollifier. For £ <G [0, T] and e < 5, the translation of 77 e by 
t (denoted by r)^t) belongs to 3>((—8,T + 5)). Hence if e < S, n e * us belongs to 
C°°([0, T], V) n C([0, T], if). Moreover, a mollification argument shows that n e * us 
converges to us in W((0, T), V, V) as e — » 0. The result then follows. □ 

Proposition 3.9. Suppose Mosco condition (Ail) is satisfied. For 5 > 0, let 
As, n ■= | J2iLi 4>i{t) v ii m G n|, w/iere 

( Vi G if n ,<^ G C°°([-6,T + S]) for alli=l,...,m, 
< 4>i(t) < 1 /or a// i G [—6, T + 5] and for all i = 1, . . . , m, 

(17) 

^ <j>i (t) = 1 /or aZZ t G [-5, T + S\. 

i=l 

i/w<5 G C([— <5, T + o"],if), i/ien i/iere exists a sequence of functions u$. n € -A^,, such 
that us in (t) — > us(t) in V uniformly on [— 5, T + 8] as n — > oo. 

Proof. Let u & G C([-<5, T + J], if). We extend u s to u s G C(R, if) by 

u,5(— (5) on (— oo, — S) 

) := <( u s (t) on [-<5,T + 5] 

u^T + o") on(T + <5,oo). 
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Let e > be arbitrary. We denote by B{t) := Bv(us(t), e/2) the open ball in V 
about us(t) of radius e/2. Let us construct an open covering G of (—5 — 1, T + 6 + 1) 

by 

G = {uj\B(t)) n (-6 - 1, T + 6 + l)}te[-s, T +s]- 

Since G is also an open covering of the compact set [—6, T + 6], there exists a finite 
subcovcring 

G = {uj'iBiU)) n{-6-l,T + 6 + l)} i= i,..., m , 

where tj G [—5, T + 6] for all z = 1, . . . , to. Wc can assume that t\ < < . . . < i m 
and ti = —6, t m = T + 8 (add them if required) so that G is an open covering of 
[S-l/2,T+S+l/2]. Foreachi G {1, . . . , m}, we have usik) G K. Thus,byMosco 
condition (Ml), there exists Uj„ G A'„ such that ||i>i,„ — lt<s v < e /2 if n > iVj 
for some iVj G N. Let iV := maxj = i.... iin JVj. It follows that |jt>i.„ — ug(ti)\\v < e/2 
if n > N for all i G {1, . . . , m}. 

Choose a smooth partition of unity {<f>i}i=\,... m f° r [ — <5 — 1/2, T+ 6+1/2] subordi- 
nate to G. Precisely, we choose 4>i such that <j>i G C§°(uJ 1 (B(ti))n(— 6— 1, T+6+1)) 
and 53fc=i = 1 f° r all ^ € — 1/2, T + <5 + 1/2]. Define a function it^n on 
(-tf-l,T + <5+l) by 

us, n {t) := y^^(t)fj,w 
i=i 

It is clear that the restriction of us, n on [S,T + 6] belongs to A$. n if n > N. 
Moreover, for t G [-<5, T+ 5], 

77 1 

I I ^<5,n 

i=l 

m m 

< y^^i(t)||t>i,n - U*(*i)||v + y^^i ft) ||ttg fe) - U5(t)\\v 
i=l i=l 

< e/2 + e/2 = e, 

if n > iV. Note that to and N chosen above depend on e. As the above argument 
holds for each fixed e, we conclude that for every e > 0, there exists a sequence 
u e S n G As, n and N(e) G N such that 

Kn(*)-««(*)llv<e, 

for all t G [-£,T + <S] if n > N(e). 

In particular, for every k G N wc can find a sequence Ug n G ^4i jn and JV^eN 
such that 

lKn(*)~««(*)lk<p (18) 

for all t G [— 6, T + 6] if n > N^. By choosing inductively we can assume that 
Nk < Nk+i for all k G N. We extract a sequence of the form 

III 12 23 3 

M <5,1' U <5,2' ■ • ■ J u <5,(JVi + l)' • • • > U 5,N 2 > U 6,(N 2 +1)' • • ■ > U «,JV 3 ) U <5,(JV 3 +1) ' ' ' ' ' "5,^4' ' ' ' 
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so that the n-th element of this sequence belongs to As, n for all neN. Moreover, 
by (18), we see that this sequence converges to ug uniformly with respect to t G 
[—<5, T + 6] as n — > oo. This proves the statement of the proposition. □ 

We are now in a position to prove our main result. 

Proof of Theorem 3.4- The proof is divided into four parts including (i) => (ii), 
(ii) (i), (i) (Hi) and (Hi) (i). For (i) (ii), we actually show that 
(Ml) => (Ml') and (M2) (A/2'). The other three directions are proved in the 
same way. 

(i) (ii): Let u G L 2 ((0,T),K). By the density of C([0, T], K) in L 2 ((Q,T),K) 
(Lemma 3.7), we may assume that u G C([0, T], if). We apply Proposition 3.9 with 
5 = to obtain a sequence of functions u n G L 2 ((0,T), K n ) such that u n (t) — > u(i) 
in V uniformly on [0, T\. The uniform convergence on [0, T] implies that u n — > u in 
L 2 ((0, T), F), showing (Ml'). To prove condition (M2'), suppose (rik) is a sequence 
of indices converging to oo, (u^) is a sequence such that G L 2 ((0, T), if„ fc ) for 
every k and Ufc — it in £ 2 (0, T), V). By the definition of weak convergence, 

f (w(t),u k (t)) dt-> / (w(t),u(t)) dt, (19) 
Jo Jo 

for all G L 2 ((0, T), V'). By taking w of the form w = £</>(t) where £, E V 

and G ^((0,T)) in (19) and applying a basic property of Bochner-Lcbcsgue 

space [18, Proposition 23.9(a)], it follows that 

r-T pT 

Uk(t)4>(t) dt / u(t)<p(t) dt (20) 



weakly in V for all G 0((O,T)). Let </> G 0((O,T)) with M*) dt = 1 an d 
define Cfc := Uk(t)4>o(t) dt. Lemma 3.5 implies that Cfc G K nk for all k G N. Since 
Oc C := Jo u{t)(f>o(t) dt by (20), Mosco condition (M2) implies that ( G if. We 
now extend to G L 2 ((— 1,T + l),K nk ) by 

fCfc on(-l,0)U(T,T+l) 
[u k (t) on (0,T). 

It can be easily seen that Uk ^ u weakly in L 2 ((— 1, T + 1), V) , where m defined as 
(21) with k deleted. Using the definition of weak convergence in L 2 (( — 1, T + 1), V") 
and a similar argument as above, we obtain J_ 1 Uk(t)4>(f) dt — ^ J_. u(t)<p(t) dt 
weakly in V" for all G &((-!, T + 1)). In particular, taking <p G 0((-l,T+ 1)) 
with J_j <^(t) (ii = 1, we have J , Uk(t)cf>(t) dt G if Jlfc converges weakly to 
u(t)4>(t) dt in V. Thus, Mosco condition (A/2) implies "(*)</»(*) dt & K 

for all G 0((-l,T+l)) with + 0(t) df = 1. By Lemma 3.6, we conclude that 
u G L 2 ((0,T),K) and Mosco condition (M2') follows. 

(ii) => (i): Let it G K. Define v G £ 2 ((0, T), K) by the constant function v(t) := 
u for t G (0,T). By condition (Ml'), there exists (un)neN with v n G L 2 ((0,T),K n ) 
such that v„ -> « in L 2 ((0,T),U). Let (f> G 0((O,T)) with / o T 0o(t) * = 1- We 
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show that the sequence (Un)neN defined by u n := J Q v n (t)4>o(t) dt gives Mosco 
condition (Ml). First note that u n G K n for all n G N by Lemma 3.5. Moreover, 

rT 



\U n - U\ V 



v n (t)(j) (t) dt -u 



[v n (t)Mt) - v{t)Mt)} dt 



< / \Mt)\\\Vn(t) - V(t)\\ v dt 
JQ 

<VTU \\v n (t) - v(t)\\v dt) 2 \\ 4>o\\oo 
->0, 

as n — > oo. To prove condition (M2), suppose (rife) is a sequence of indices con- 
verging to oo, (uk) is a sequence such that Uk G K nk for every fc and u^ u in 
V. Define «fc G £ 2 ((0, T), K nk ) by the constant function Vk(t) := rt^ for i e (0,T). 
It can be easily verified that Vk — ^ w in L 2 ((0,T),V), where w is the constant 
function := u for < G (0,T). It follows from Mosco condition (M2') that 
u G L 2 ((0, T),K). Hence u G K as required. 

(i) (m): Let u G W((0, T), V, V) n L 2 ((0, T),K). By Lemma 3.8, we may 
assume that it G C°°([0,T],V) D C([0,T],K). For <5 > 0, we define the stretched 
function u s G C°°([—5,T + 8],V) n C([-<5, T + <J], X) by u 5 = u a Sg 1 , where S s 
is the stretching map given by (16). It can be shown that the restriction of ug on 
[0, T] converges to u in W((0, T), V, V) as 8 — s- 0. By Proposition 3.9, there exists a 
sequence of functions us >n G A<s in such that us, n (t) —> ug(t) uniformly on [— 5,T + S] 
as n — > oo. Let r/i/j be a mollifier. For t G [0,T] and j > 1/8, the translation of 
r]i/j by t (denoted by Vi/j,t) belongs to @{{—8, T + 8)). Hence if j > 1/8, we have 
Vi/j * u s,n G C°°([0,T],V) n C([0,T],K„). By continuity of convolution and the 
well known fact on the r-th order derivative that 



d r 

* —U6,n, 



we deduce that r/x/j * ug >n — > Vi/j * u s in C°°([0,T],V) as n — > oo. Similarly, 
7]i/j*us — > us in C°°([0, T], V) as j — > oo. The above shows that we can construct a 
function of the form ■q 1 /j*us^ n G W((0,T),V,V')nL 2 ((0,T), K n ) converging to u in 
W((0, T), V, V). Hence Mosco condition (A/1") follows. To prove condition (M2"), 
suppose (rife) is a sequence of indices converging to oo, («&) is a sequence such that 
u k G W((0,T),V, V) n L 2 ((0,T),K nk ) for every fc, u fc ^ u in i 2 ((0,T),F) and 
u' k — * w in L 2 ((0, T), V). Since V is continuously embedded in V, it follows 
immediately that u' = w and hence u G W((Q,T),V,V) (see [18, Proposition 
23.19]). Using (i) =>■ (ii), specifically Mosco condition (M2'), wc conclude that 
ue W((0,T),V,V')nL 2 ((0,T),K). 

{Hi) =S> (i): Let u G K. Define v G W((0, T), V, V) n L 2 ((0, T), K) by the con- 
stant function v(t) := u for t G (0,T). By condition (Ml"), there exists (r> n )neN 
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with v n G W((0,T),V,V) n L 2 {{0,T),K n ) such that v n -> w in W((0,T), V, V). 
In particular, t>„ converges strongly to u in £ 2 ((0, T), V). By the same argu- 
ment as in the proof of (ii) =>■ (i), we can show that u n := J v n (t)(f)o(t) dt, 
for some 0o G £>((0,T)) with f$ 4>o(t) dt — 1 establishes Mosco condition (Ml). 
To prove condition (M2), suppose (n k ) is a sequence of indices converging to oo, 
(ilk) is a sequence such that Uk G i^n fc for every k and itjt — u in V. Define 
u fc G W((0,T),V,V) n L 2 ((0,T),^„J by the constant function v k (t) := u k for 



t G (0,T). By the same argument as in the proof of (ii) =>■ (i), we have — v in 
L 2 ((0,T), V), where v(t) := u for < G (0,T). Moreover, it is clear that = for 
all k G N and hence < u' = in L 2 ((0, T), V). We apply (M2") to deduce that 
« G iy((0,r),V r ,y')ni 2 ((0,T),AT). Hence uG if. □ 



4. Application in domain perturbation for parabolic equations 

In this section, we study the behaviour of solutions of parabolic equations subject 
to Dirichlet boundary condition and Neumann boundary condition under domain 
perturbation. Let f2„, f2 be bounded open sets in and D C K w be a ball such 
that fi„, f2 C £> for all n G N. Suppose ay , a%, hi, Cq are functions in L°°(D x (0, T)) 
and ay satisfies ellipticity condition. More precisely, there exists a > such that 
a.ij(x,t)^i^j > a|£| 2 for all £ G 1*. We consider the evolution triple V„ A H n A 
V^, where we choose 

• V n = Hg^n) and H n = L 2 (fl n ) for Dirichlet problem 

• V n = i? 1 (ri n ) and H n = L 2 (Q n ) for Neumann problem. 
For t G (0,T), suppose a„(t; •, •) is a bilinear form on V„ defined by 

a n (t;u, v) := / [ajj(x, + ai(x, t)u]d{V + 6j(x, t)dtuv + cq(x, t)uv dx. (22) 
Jn„ 

It follows that for all n G N, there exist three constants M > 0, a > and AeK 
independent of £ G [0, T] such that 

«)| < M\\u\\ v Jv\\ Vn , (23) 

for all n,ii6 7„ and 

a n {t;u,u) + \\\u\\ 2 Hn >a\\u\\ 2 Vn , (24) 

for all u G V^. Given uo, n G L 2 (D) and /„ G i 2 (Z) x (0,T)), let us consider the 
following boundary value problem in il„ x (0, T]. 

f n (x,t) inO„x(0,T] 
on<9ft„x(0,T] ( 25 ) 

u ,n in f2 n , 

where A n and *B n are operators on V n given by 

An(t)u := —di[a,ij(x,t)djU + a,i(x,t)u] + bi(x,t)diii + co(x,t)u, 



' du . , . 
— + -4„(t)« = 

Bn(*)u = 

u(-,0) = 
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and B n is one of the following 

B n (t)u := u Dirichlet boundary condition 

B n (t)u := [aij(x,t)dju + a,i(x,t)u] Neumann boundary condition. 

We wish to show that a sequence of solutions of the above parabolic equations in 
fi„ x (0, T] converges to the solution of the following limit problem 
( du 

— +A{t)u = f(x,t) inftx(0,T] 

B(t)u = on5fix(0,r] ( 26 ) 

u(-, 0) = uq in Q. 

However, we will consider the boundary value problems (25) and (26) in the abstract 
form. As discussed in Section 2, we can write (25) as 

(u'{t)+A n {t)u = f n {t) for t 6(0, T] 

™ (27) 

[ U(0)=Uo,n, 

where A n {t) <G S£{y n ,V^) is the operator induced by the bilinear form a n (t; , ■, •). 
Similarly, we write (26) as 

f u'it) + A(t)u = f(t) for t G (0, T] 

fn\ (28) 
[ u(0) = u . 

Throughout this section, we denote the variational solution of (27) by u n and the 
variational solution of (28) by u. We illustrate an application of Mosco convergence 
to obtain stability of variational solutions under domain perturbation. The proof 
is motivated by the techniques presented in [8]. However, we replace the notion 
of convergence of domains ((3.5) and (3.6) in [8]) by Mosco convergence. It is not 
difficult to see that the assumption on domains in [8] implies that Hq (f2„) converges 
to Hq(H) in the sense of Mosco. 

4.1. Dirichlet problems. When the domain is perturbed, the variational solu- 
tions belong to different function spaces. We often extend functions by zero outside 
the domain. We embed the spaces HQ(H n ) into if 1 (I?) by v i— > v, where v = v on f2 ra 
and v = on D\tt n . Similarly, we may consider the embedding L 2 ((0, T), _ffg(f2 n )) 
into L 2 ((0,T),H 1 (D)) by w(t) i-> w(t) for a.e. t € (0,T). Note that the trivial 
extension v also acts on L 2 (f2„) into L 2 (D). 

Let us take V := 7J 1 (Z?), K n := £fQ(f2 n ) and K := Hq(CI), and consider Mosco 
convergence of K n to K. In this case K n and K are closed and convex subsets of 
V in the sense of the above embedding. In fact, K n and K are closed subspace of 
V. The main application of Theorem 3.4 is to show that the variational solution u n 
of (27) converges to the variational solution u of (28) by applying various Mosco 
conditions. 

Theorem 4.1. Suppose f n ^f in L 2 ((0,T), L 2 (D)) and u ,n -> u in L 2 (D). If 

Ho(p, n ) converges to Hq(Q) in the sense of Mosco, then u n converges weakly to u 
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Proof. Since /„ -> / in L 2 ((0, T), L 2 (D)) and m ,„ -> «o in L 2 (D), it follows from 
(9) that ||ttn||w(o,T,v^,v) is uniformly bounded. Hence u n is uniformly bounded in 
L 2 ((0, T) , H 1 (D)) . We can extract a subsequence (denoted again by u n ), such that 
u n -± w in L 2 ((0,T),H 1 (D)). Mosco condition (M2') (from Theorem 3.4) implies 
that u; G L 2 ((0,T),^(f2)). It remains to show that u> = u in L 2 ((0, T), H£(Q,)). 

Let £ G ffo(fi) and <f> G 0([O,T)). Mosco condition (Ml) implies that there 
exists £« G -ffo(^n) such that £„ — > £ in H l {D). As u„ is the variational solution 
of (27), we get from (8) that 

{u n {t)\£ n )<t>'{t)dt + / a n (t;u n {t),£ n )<j){t) dt 



= («o,n|e„)0(O) + / (f n (t),£ n )Ht)dt. 
Jo 

By letting n — > oo, we get 

i-T pT 

{w{t)\£)4>'{t)dt+ / a(t;w(t),£)<P(t) dt 
Jo 

= («o|0^(0)+ [ T (f(t),0<t>(t) dt. 



(29) 



Hence u> is a variational solution of (28). By the uniqueness of solution, we conclude 
that w = u in L 2 ((0, T), iJg (SI)) and the whole sequence converges. □ 

Lemma 4.2. Suppose /„ -> / m L 2 ((0,T), L 2 (D)) and u 0<n — » uo in L 2 (D). If 
i?Q(f2„) converges to Hq(Q) in the sense of Mosco, then for eacht G [0,77] we ftai/e 
u n (t)\ n — v in L 2 (fi). 

Proof. Since /„ is uniformly bounded in £ 2 ((0, T), L 2 (D)) and Mo, n is uniformly 
bounded in L 2 (D), we have from (10) that 

max \\u n (t)\\ L 2 (D) < M, 
te[o,T] v ' 

for some M > 0. Hence for a subsequence denoted again by u n {t), there exists 
to G L 2 (S1) such that u n (*)| n w in L 2 (£l). Let £ G iZo( n ) and 6 ^((M)- 
Mosco condition (Ml) implies that there exists G Hq(0„) such that — > £ in 
H 1 (D). As u„ is the variational solution of (27), we have 

(s),?n)</>(s) ds 



Now 



-(Un(t)\in)L*(.D)<f>(t) + / (fn(s),^n)(p(s)ds. 

Jo 



(W0.n)|6i)i 2 (r>) = (^0,n|Cn)i 2 (J2) + («0,n |£n )l 2 (D\0) • 

Since -> | in £ 2 (£>), we have |„| n -> £ in i 2 (Sl) and |„|(u\n) ^ in L 2 (D\fl). 
Applying the dominated convergence theorem in the second term above and using 
the weak convergence of initial condition uo tTl in the first term above, we see that 

(uO,n|£n)L 2 (n„) ~> ("0 |£).L 2 (O) • 
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Hence, 

r t ,t 
(u(s)\£)(j>'(s) ds+ / a{s;u(s),£)<P(s) ds 

(30) 

= -HOi a (n)0(*)+ / <k, 
Jo 

as ft — > oo. As u is the variational solution of (28), a similar equation holds with 
H£)i 2 (n) replaced by (u(t)|£) L 2 (n) . Therefore (u>|£)l 2 (0) = (w(*)IOi 2 (fi) for all 
£ G i?o(fi). By the density of Hq(^) m L 2 (Sl), w = u(t). Hence, for subsequences 
u n (t)\ n — 1 in L 2 (f2). By the uniqueness, the whole sequence u n (t)\ n converges 
weakly to u(t) in L 2 (f2). □ 

Remark 4.3. In fact, we only require that f n \n — / weakly in L 2 ((0, T), L 2 (f2)) 
and Mo,n|n — ^ uq weakly in L 2 (fl) to obtain the conclusion of Theorem 4.1 and 
Lemma 4.2 as done in [8]. 

Next we show the strong convergence of solutions. The assumptions on strong 
convergence of initial values uo,n and inhomogcncous data f n are required in the 
proof below (see also Remark 4.7 below). 

Theorem 4.4. Suppose /„ -> / in L 2 ((0,T), L 2 (D)) and u ,n — > u in L 2 (D). If 
Ho(p, n ) converges to Hq(Q.) in the sense of Mosco, then u n converges strongly to 
u in ^(((LT^if^D)). 

Proof. We have u n converges weakly to u in L 2 ((0,T), H 1 (D)) from Theorem 
4.1. Mosco condition (Ml') (from Theorem 3.4) implies that there exists w n G 
L 2 ((0,T),#(}(n n )) such that w n -> u in L 2 {{Q,T),H 1 (D)). For t G [0,T], we 
consider 

1 . f* 

dn(t) = -\\u n (t) - u(t)\\ 2 L2{D) + a J \\u n (s) ~ w n (s)\\ 2 H1(D) ds. (31) 

By (24) (with A = 0), we have 
1 



d„(t) < -z\\un{t)\\ L 2 iD) + / a n (s;u n (s),u n (s)) ds 



2 



o 

t 



^WH^WhiD) + J a n (s;w n (s),w n (s)) ds 
{u n (t)\u(t)) L 2 (D) - I a n (s;u n (s),w n (s)) ds 



(32) 



- / a n (s;w n (s),u n (s)) ds, 
Jo 

for all n G N. It can be easily seen from the weak convergence of u n and the strong 
convergence of w n to u in L 2 ((0,T),H 1 (D)) that 



lim 



CL n (s, u n (s),w n (s)) ds+ I a n (s;w n (s),u n (s)) ds 
a(s; u(s), u(s)) ds, 



(33) 
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and 



lim 

n— > oo 



a n (s;w n (s),w n (s)) ds = / a(s;u(s),u(s)) ds. (34) 
Jo 

Also, by lemma 4.2, we have 

lim (u n (t)\u(t)) L 2 {D) = lim (u n (t)\ n \u(t)) L 2 (n) = \\u(t)\\ 2 L2(n) . (35) 

Finally, as u n is the variational solution of (27) we get from (4) that 
1, 



IIM*)llz,2 (n „) + / a n (s;u n (s),u n {s)) ds 



= TjIMCOIIl^) + J (fn(s),U n (s)) ds. 

By the assumption that uo. n — > uo strongly in L 2 (D) and /„ 
L 2 ((0,T),i 2 p)), we get 



lim 



/ strongly in 



IKiWI!l 2 (q„) + / On(s; «n(s), ««(«)) ds 



= dl«(0)||i a(n) + / (/(*),«(*)> d« 



^IKOIIz^n) + / a(s;u(s),u(s)) ds. 



(36) 



Hence, it follows from (32) - (36) that d n {t) for all t e [0,T]. This shows 
pointwise convergence of u n (t) to u{t) in L 2 (D). Moreover, by taking t = T we get 

\\u n (s) - u(s)\\ 2 m{D) ds 



< 



\\u n (s)-w n {s)\\ H1{D) ds+ / \\w n (s) - u(s)\\ H1{D) ds 



0, 



as n — > oo. This proves the strong convergence u n — > u in £ 2 ((0, T), H 1 (D)). □ 

In the next theorem we prove convergence of solutions in a stronger norm. We 
show that Mosco convergence is sufficient for uniform convergence of solutions in 
L 2 (D) with respect to t £ [0, T]. We require the following result on Mosco conver- 
gence of ifo(r2„) to -ffo(f^) [9j Proposition 6.3]. 

Lemma 4.5. The following statements are equivalent. 

(1) Mosco condition (Ml): for every w G iiTp (f2), there exists a sequence w n € 
i/o(£!„) such that w n — > iD m ff 1 (D). 

(2) cap(A' fl fi£) — >• as n — > oo /or aZ/ compact set K C f2. 

Theorem 4.6. Suppose f n f in L 2 ((0, T), L 2 {D)) and u , n «n L 2 (L>). J/ 

flo(^n) converges to Hq(Q.) in the sense of Mosco, then u n converges strongly to 
u in C([0,T],L 2 (D)). 
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Proof. We notice from the proof of Theorem 4.4 that 

\\u n (s) - w n {s)\\ 2 Hl {D) ds -> 
uniformly with respect to t G [0,T]. Indeed, by (31) 

\\u n (s) - u>n(s)\\%i(m ds < a~ 1 d n (T) 

o 

for all n G N and for all t G [0, T]. Moreover, it is clear that (33), (34) and (36) 
hold uniformly on [0,T]. It remains to show uniform convergence of (35). 

Fix s G [0, T]. For e > arbitrary, we choose a compact set K C f2 such that 
ll M ( s )llL 2 (o\if) < e /2- Since u G C([0,T], L 2 (fl)), there exists 77 > only depending 
on e such that \\u(t) - u(s)\\ L a^ < e/2 for all t G (s - 77, s + rj) n [0,T]. It follows 
that 

||w(*)IU=(n\x) < ||u(t) - u(a)||i»(n) + ll«(*)l|r^(n\JC) < e/2 + e/2 = e, (37) 

for all t G (s — 77, s + 77) n [0, T]. We next choose a cut-off function G Co°(f2) such 
that < < 1 and = 1 on K. Since i3g(fi n ) converges to Hq(CI) in the sense 
of Mosco, we have from Lemma 4.5 that cap(supp(</>) fl — > 0. By definition of 
capacity, there exists a sequence £„ G C§°(£1) such that < £„ < 1, £„ = 1 on a 
neighborhood of supp(0) n OJj and HCnllj? 1 ^) < cap(supp(</>) n + 1/n. Define 
0„ := (1 — £ n )</>. We have that 4> n G Co°(Q„) and 0„ — > 4> in L 2 (D). Consider 

\(u n (t) - u(t)\u(t)) L 2 {D) \ 

< \(u n (t)\(j) n u(t)) L 2 (D) - (u(t)\(f>u(t)) L 2 {D) \ 

+ \(u n (t)\(l - cf> n )u(t)) L 2 (D) - (u(t)\(l - 4>)u{t))L*{D)\ (38) 

< \{u n (t)\(j) n u{t)) L 2 {D) - (u(t)\(j)u{t)) L 2 (D) \ 

+ \(u„(t) - U{t)\(l - (j>n)u{t)) L 2 (D) \ + \(u(t)\(<t>-(t> n )u(t)) L 2 iD) \ . 

We prove that each term on the right of (38) is uniformly small for t G (s — r), s + 
77) (~1 [0,T] if n is sufficiently large. For the first term, applying integration by parts 
formula (4) and the definition of variational solutions, we obtain 

(Un{t)\(f>nU(t)) L 2 {D) 

= (liO,n|</>7iWo)L2(D) + / K(s)in*i(s)) ds + / (u'(s), <f> n U n (s)) ds 

Jo Jo 

ft rt (39) 

= (uo,n\<t>nU ) L i(D) + \ (fn(s) , (j> n u{s)) ds - a n (s] U n (s) , (f>„u(s)) ds 

Jo Jo 

+ / (f(s),<f> n u n (s)} ds- / a(s;u(s),<t> n u n (s)) ds. 
Jo Jo 
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It can be easily verified using Dominated Convergence Theorem that <f> n u — > <f>u in 
L 2 ((0,T),L 2 (£>)). Moreover, 

\\<t> n U n (t) ~ <pu(t)\\L'(D) dt 



< 



< 



T pT 

\\4> n u{t) - 4>u(t)\\ 2 L 2, D) dt+ \\4>nU n (t) - <j>nU(t)\\ 2 L2 , D) dt 

Jo 

T r T 



\^ n u(t) - <tm{t)\\l*(D) dt + UJlo / ll«nW - m\\l H D) * 



/>ii in L 2 ((0, T),L 2 (D)). Taking into consideration that 
uo.n uq and /„ — > /, we conclude form (39) that 

{u n {t)\<p n u{t)) L 2 (D) -> (u(t)|#2(*))i»(D) (40) 

uniformly with respect to t € [0, T]. For the last term on the right of (38), applying 
a similar argument as above, we write 

(u(t)\4> n u(t)) L 2 {D ) = {uq\4>„u ) L 2 {d] + 2 (u'(s),(f) n u(s)) ds. 

Jo 

We conclude that 

(u(t)\4> n u(t)) L 2 (D) -> (u(t)|^u(t)) i3(JJ) (41) 

uniformly with respect to t G [0,T]. Finally, for the second term on the right of 
(38), we notice that < 1 — </>„ < 1 on f2 and 1 — <f) n = 1 — (1 — £, n )4> = £r» on K- 
Moreover, using (10) and the assumption that uo.„ — > uo and f n — > /, there exists 
a constant Mo > such that 

ll«n(t)ll£ a (D)»ll«(*)llL'(D) < M , (42) 

for all t e [0,T]. Hence, by Cauchy-Schwarz inequality and (37), 

\(u n (t) ~ u(t)\(l - (j) n )u(t)) L 2 {D) \ < \\u n (t) - u(t)\\ L 2( D )\\(l - <j> n )u(t)\\ L 2( D ) 

< 2M (\\u(t)\\ 2 L2{nXK) + MnU(t)\\L*(K)) (43) 

<2M Q (e+U n u(t)\\ L 2 {K) ), 

for all t G (s - 77, s + 77) n [0,T] and for all n G N. Since £„ -> in L 2 (L>), a 
standard argument using Dominated Convergence Theorem implies that £ n u(s) — > 
in L 2 (Q). Hence, there exists N Si€ € N such that ||£nw(s)||L 2 (f2) < e /2 for all 
n > iV s e . Therefore, 

UnU{t)\\ L 2( K ) < UnU(s)\\ L 2 {K) + \\£ n u(t) - £nU(s)\\ L 2 {K) 

< UnU{s)\\ L 2 (K) + \\u(t) - u(s)\\ L *(K) 

< e/2 + e/2 = e, 

for all t G (s - 77, s + 77) n [0, T] and for all n > N s , c . It follows from (43) that 

\(u n (t)-u(t)\(l-<t>n)u(t)) L 2 iD) \ < 2M (e + e) = 4M e, (44) 
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for all t€(s-r],s + ri)r\ [0, T] and for all n > N S:€ . Therefore, by (38), (40), (41), 
and (44), we conclude that there exist N Syt £ N and a positive constant C such that 

\(u n {t) - u(t)\u(t)) L 2( D) \ < Ce, 

for all te(s- ?y, s + rj) n [0, T] and for all n > N S:€ . 

Finally, as [0,T] is a compact interval and rj only depends on e, it follows that 
{u n (t)\u(t))i,2m^ — > (u(t)\u(t))i,2m) uniformly with respect to t £ [0, T]. □ 

Remark 4.7. In fact, we can conclude that u n — >• u in £ 2 ((0, T), L 2 {D)) directly 
from the weak convergence of solutions in Theorem 4.1 and the compactness re- 
sult in [8, Lemma 2.1]. This means we only require that / n |n — 51 / weakly in 
L 2 ((Q, T), L 2 (fl)) and Mo,n|n — 1 uo weakly in L 2 (Q). Under the same assumptions, 
we can restate convergence result in Theorem 4.6 as u n — >• u in C([S, T], L 2 (D)) 
for all S £ (0,T], as appeared in [8]. The reason we impose stronger assumptions 
on the initial data and the inhomogencous terms is to avoid using [8, Lemma 2.1], 
which is not applicable to Neumann problems, and illustrate a technique that can 
be applied to both boundary conditions. 

It is known that stability under domain perturbation of solution of elliptic equa- 
tions subject to Dirichlet boundary condition can be obtained from Mosco conver- 
gence of iZo(fi n ) to Hq(£1) [9]. Hence we can use the same criterion on f2„ and 
f2 to conclude the stability of solutions of parabolic equations. In particular, the 
conditions on domains given in [9, Theorem 7.5] implies convergence of solutions of 
non- autonomous parabolic equations (25) subject to Dirichlet boundary condition 
under domain perturbation. 

4.2. Neumann problems. It is more complicated for Neumann problems because 
the trivial extension by zero outside the domain of a function u n in ^(fln) does 
not belong to H 1 (D). In addition, as we do not assume any smoothness of domains, 
there is no smooth extension operator from H l (p, n ) to 7? 1 (£>). In order to study the 
limit of u n G H (Cl n ) when the domain is perturbed, we embed the space ^(Qn) 
into the following space 

fl^ftn) ^ L 2 (D) x L 2 (D,R N ) 

by 

V n l-> (v„, V« n )) 

where v„(x) = v(x) if x £ fl n and v n (x) — if x £ D\Q n . Similarly, Vi>„(x) = 
Vv(x) if x £ f2 n and Wv n (x) = if x £ D\H, n . Note that Vw n is not the gradient of 
v n in the sense of distribution. By a similar embedding for _ff 1 (f2), we can consider 
Mosco convergence of 

K n := {(v n ,Vv n ) £ L 2 (D) x L 2 (D,R N ) \ v n £ H\n n )} 

to 

K := {(v,Wv) £ L 2 (D) x L 2 {D,R N ) \ v £ H\n)} 
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in V := L 2 (D) x L 2 (D,~R N ). In this case, K n and K are closed subspace of V. For 
simplicity, we use the term H 1 (fl n ) converges in the sense of Mosco to H 1 (ft) for 
K n and K above. 

When dealing with parabolic equations, we regard the space L 2 ((0,T),V) as 
L 2 ((0, T), L 2 (D)) xL 2 ((0, T),L 2 (D, R N )) via the isomorphism between them. Hence 

L 2 ((0, T), JT n ) = {(w n ,Vw n ) | w„ e L 2 ((0, T),H\Q n )} 

C L 2 ((0,T),L 2 (£)) x ^((O.TJ.L'CAM^)), 

and 

L 2 ((0,T),K) = {(w,X7w) | w G L^T),// 1 ^)} 

C L 2 ((0,T),L 2 (£)) x L 2 ((0, T), L 2 (D, M. N )). 
As in the case of Dirichlet problem, we apply various Mosco conditions from 
Theorem 3.4 to prove that the variational solution u n converges to the variational 
solution u. 

Theorem 4.8. Suppose /„ — > / in L 2 ((0, T), L 2 (D)) and t2 0i „ — > u in L 2 (D). If 
H 1 (fl n ) converges to H (ft) in the sense of Mosco, then u n converges weakly to u 
in L 2 ((0,T),L 2 (D)) andWu n converges weakly to V« in L 2 ((0, T), L 2 (D, R N )). 

Proof. By a similar argument as in the proof of Theorem 4.1, we have the uniform 
boundcdncss of (u„,Vw„) in L 2 ((0, T), L 2 {D)) x L 2 ((0, T), L 2 (D,R N )). We can 
extract a subsequence (denoted again by u n ), such that u n — w in L 2 ((0, T), L 2 (D)) 
and Vu„ (ui,..., ujv) in i 2 ((0, T), L 2 (D, R N )). Mosco condition (M2') (from 
Theorem 3.4) implies that to G L 2 ((0, T), _ff 1 (fi)). 

To show that to = it, we let £ G i? 1 (SI) and </> G ^([0, T)) and then use Mosco 
convergence of H 1 (fl n ) to H 1 (fl). In the same way as the proof of Theorem 4.1, 
we get (29) holds for all £ G H 1 (fl) and all G ^([0,T)). Hence by the uniqueness 
of solution, w = u in £ 2 ((0, T), i7 1 (f2)) and the whole sequence converges. □ 

Lemma 4.9. Suppose /„ — > / m L 2 ((0, T), L 2 (D)) and u ,„ — > uo wi L 2 (D). If 
H 1 (fl n ) converges to H 1 (fl) in the sense of Mosco, then for each t G [0,T] we have 
u n [t)\ a - 1 u(t) m L 2 (f7). 

Proof. We use the same argument as in the proof of Lemma 4.2 with Mosco con- 
vergence of iJg(S7„) to i?Q (£1) replaced by Mosco convegence of 77 1 (S1„) to H 1 (fl) 
and the fact that H 1 (fl) is also dense in L 2 (ft). □ 

Remark 4.10. As remarked in the case of Dirichlet problems, we only require that 
fn\n f weakly in L 2 ((0, T), L 2 (ft)) and «o,n|fi ~^ u o weakly in L 2 (fl) to obtain 
the conclusion of Theorem 4.8 and Lemma 4.9. 

We next show the strong convergence. 

Theorem 4.11. Suppose /„ -> / in £ 2 ((0, T), L 2 (D)) andu Q , n ~^uo in L 2 (D). If 
^ff 1 (0„ ) converges to H (ft) in the sense of Mosco, then u n converges strongly to u 
in L 2 ((0 1 T),L 2 (D)) andVu n converges strongly to V« in L 2 ((0, T), L 2 (D, R N )). 
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Proof. The proof is similar to the one in Theorem 4.4. We show some details here for 
the sake of completeness. By Theorem 4.8, (u n , Vu„) converges weakly to (u, Vu) in 
L 2 ((0, T),L 2 {D)) x L 2 ((0, T), L 2 (D, R 2 )). Since u G £ 2 ((0, T), H 1 ^)), Mosco con- 
dition (Ml') (from Theorem 3.4) implies that there exists w n £ L 2 ((0,T),H 1 (ft n )) 
such that Wn — ^ u in L 2 ((0,T),L 2 (D)) and Vui n V« in L 2 ((0, T), L 2 (D,R N )). 
For [0,T], we consider 



dn{t) = h\u n (t) - u{t)\\ 2 L 2 {D) + a I \\u n (s) - w n (s)\\' 2 L 2 {Qn) ds 



t 

2 



t 

2 



Vitn(s) - Vui„(s)|| 2 2 (nriiR jv :) ds (45) 



1 



\\u n (t) ~ u{t)\\ L2{D) +a \\u n (s) - w n {s)\\ H i, nn) ds. 
Jo 

By (24) (with A = 0), we can show that d n satisfies (32) for all n G N. It can be 
easily seen from the weak convergence of (u n , Vit n ) and the strong convergence of 
{w n ,Vw n ) to (u,Vu) in L 2 ((0,T),L 2 (D)) x i 2 ((0, T), L 2 (D, R N )) that (33) and 
(34) also hold. By using Lemma 4.9 instead of Lemma 4.2, we obtain (35). Finally, 
(36) is also valid for Neumann problem. Hence, d n (t) — > for all t € [0,T]. This 
shows pointwise convergence of u n (t) to u(t) in L 2 (D). Moreover, by taking t = T 
we get 

T 

\\u„(s) - u(s)\\ 2 L 2 (D) ds 



< 
^0, 



L 2 (D) 

u n (s) - w n {s)\\l 2(D) ds+ I \\w n (s) - u(s)\\l HD) ds 



T r T 

2 j„ , / ll„r. i„\ „~.f„\\\2 



and 



||Vu„(s) - Vu(s)\\ 2 L2{D RN) ds 

< / ||Vu„(s) - Vw„(s)|| 2 2(£ , RjV) ds + / ||V«;„(s) - Vu(s)|| 2 2(ARN) rfs 
-> 0. 

This proves the strong convergence m„ — > m in £ 2 ((0,T), L 2 (D)) and Vu n — > Vu in 
L 2 {{0,T),L 2 (D,R N )). a 

Recall that we embed the space K = H\n) in V = L 2 (D) x L 2 (D,R N ). If w 
is a function in W((0, T), if^Q), JJ 1 (fi)'), then u' G L 2 ((0, T), H 1 ^)'). It is not 
always true that wc can embed v'(t) G V = £ 2 (D) x £ 2 (L>, R w ) a.c. < G (0, T) and 
claim that v G W((Q, T), V, V) H L 2 ((0, T), K). However, a similar argument as in 
the proof of Theorem 3.4 (i) (Hi) for Mosco condition (Ml") gives the following 
result. 
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Lemma 4.12. Suppose that H 1 ^^ converges to in the sense of Mosco, 

Ifwe C roc ([0,T],fl' 1 (n)) then there exists w n G C°°([0, T], H 1 {Q n )) such that w n 
converges to w in C°°([0, T],L 2 {D)). 

Proof. We note that Proposition 3.9 gives uniform convergence of the approxima- 
tion sequence in V = L 2 (D) x L 2 (D,M. N \ The proof follows the same arguments 
as in the proof of Theorem 3.4 (i) => (Hi). The only difference is that we assume 
here w G C oo ([0, T], _ff 1 (0)). Hence the stretched function ws = w o S^ 1 belongs 
to C°°([— 5, T + S\ ) H 1 (Q,)). We point out that, by using uniform continuity of the 
fe-th order derivative w^ k ' on [0,T], the restriction of ws on [0,T] converges to w in 
C oo ([0,T], J H" 1 (r2)). This gives the required convergence in C°°([0, T],L 2 (D)). □ 

Using the above lemma, we show in the next theorem that the solution u n of 
(27) indeed converges uniformly with respect to t G [0,T]. 

Theorem 4.13. Suppose /„ -> / in L 2 ((0,T), L 2 (D)) andu ^ n — > u inL 2 (D). If 
^ff 1 (0„ ) converges to H (0) m i/ie sense of Mosco, then u n converges strongly to 
u in C([0,T},L 2 (D)). 

Proof. As in the proof of Theorem 4.6, it requires to show uniform convergence of 

(u n (t)\u(t)) L 2 (D) -> (t2(f)|u(t)) L 2 (£) ). 

Let e > arbitrary. By a similar argument as in the proof Lemma 3.8, we have 
the density of C°°([0, T],H 1 (Q,)) in W((0, T), H^Q), H 1 (Q)'). Since the solution tt 
is in the space W((0, T), H 1 ^), H 1 ^)'), there exists w G C oo ([0, T], J? 1 (Q)) such 
that 

\\ w - u llw((0,T),ffi(O),Hi(O)') < £• 

As W((0,T),H 1 {Q),H 1 (QY) is continuously embedded in C([0, T], L 2 (fi)), we can 
indeed choose tu G C oo ([0, T], J? 1 (f2)) such that 

IK*)-«(*)||i"(n)<e, (46) 

for all * G [0,T]. By Lemma 4.12, there exists w„ G C°°([0, T], such that 

w n -> to in C*°°([0,T],i 2 (L>)). We can write 

|(Un(t) - U(i)|fi(t))i3(i3)| < |(ti„(t)|tD„(t))i2(D) ~ (fi(t)|ti)(i))i,3(£))| 

+ \(u„(t) - u(t)\u(t) - w(t)) L 2 [D) \ (47) 
+ \(u n (t)\w(t) - W n (t)) L 2 {D) \ , 
for all n G N. Since tt„ is a solution of (27), 

(tt„(t)|w„(i))L2(_D) = (uo,n\Wn{0))L2(D) + / (fn(s),W n (s))ds 

Jo 

+ / (to^(s),u n (s)) ds- / a n (s;u n (s),w n (s))) ds, 
Jo Jo 

for all n G N. Taking into consideration that uo,n — > uq and /„ — > /, we conclude 

that 

{u n (t)\w n {t)) L 2 [D) -> (u(t)\w(t)) L 2 (D) (48) 



24 



DOMAIN PERTURBATION FOR PARABOLIC EQUATIONS 



uniformly with respect to t £ [0, T]. Moreover, by (46) and the uniform boundcd- 
ness of solutions as in (42), 

\{u n (t) - u(t)\u(t) - w(t)) L 2 {D) \ 

< \\u n (t) ~ u(t)\\ LHD) \\u(t) - w(t)\\ L2{D) (49) 

< 2M e, 

for all t e [Q,T] and for all tieN. Finally, as w n w in C°°([0, T],L 2 (D)), there 
exists N e £ N such that 

||iB n (t) - w(i)|| L 2 (£1 ) < e, 
for all t £ [0, T] and for all n > N e . Hence, 

|(Un(t)|*n(t) - < 1 1 «n (0 I! L 2 (D) II II (t) - w(t)\\ L 2 {D) 

50 

< M e, 

for all i e [0, T] and for all n > N e . Therefore, by (47) - (50), there exists N e £ N 
and a positive constant C such that 

\{u n (t) - u(t)\u(t)) L 2 iD) \ < Ce, 

for all t £ [0,T] and for all n > N e . As e > was arbitrary, this proves the 
required uniform convergence of (u n (t)\u(t)) jji / D \ — > (u(t)\u(t))i,2f D ^ with respect 

toie[0,T]. □ 

We can use the same criterion on f2„ and f2 as in Neumann elliptic problems to 
conclude the stability of solutions of Neumann parabolic equations under domain 
perturbation. In particular, for domains in two dimensional spaces, the condi- 
tions on domains given in [5, Theorem 3.1] implies convergence of solutions of non- 
autonomous parabolic equations (25) subject to Neumann boundary condition. 

Remark 4.14. The assumptions on strong convergence of uo,n and f n can be weaken 
if we impose some regularity of the domains. We give an example of domains fi ra 
satisfying the cone condition (see [1, Section 4.3]) uniformly with respect to n £ N. 
Let N = 2 and let 

n := {x £ R 2 : \x\ < l}\{(xi,0) : < Xi < 1}, 
n n := {x £ R 2 : |x| < 1}\{(x 1s 0) : S n < x x < 1}, 

where S n \ 0. This example is an exterior perturbation of the domain, that is 
C On+i C fin for all n £ N. It is easy to see that f2 and f2 n satisfy the cone 
condition uniformly with respect to n £ N, but i? 1 (fi) and i/ 1 (il„) do not have the 
extension property. Moreover, these domains satisfy the conditions in [5]. Hence, 
i/ 1 (fi„) converges to 1 (SI) in the sense of Mosco. Note that here we take D to be 
the open unit disk center at in R 2 . In this example, we only need that / n |n — ^ / in 
i 2 ((0, T), L 2 (fl)) anduo,n|f2 — ^ uo ini 2 (Sl) to conclude the convergence of solutions 
u n u in C([S,T],L 2 (D)) for all S £ (0,T]. In addition, if u , n -> in L 2 (D), 
then the assertion holds for S = 0. 
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To see this, we note from Lemma 4.9 (taking Remark 4.10 into account) that 
Un(t)\ n u(t) in L 2 (Q) weakly for all t G [0,T]. Since it G L 2 ((0, T), if^Q)), we 
have u(t) G if 1 (ft) for almost everywhere t G (0,T). Fix now such i G (0,T). By 
the continuity of the solutions u n G C([0, T], L 2 (ft„)), for each n G N we can choose 
/? n > such that 

\\u n (s) - U n {t)\\ L 2 {nn) < - 

for all s G (t — p ni t + p n ) n (0,T). As u„ G L 2 ((0, T), i7 1 (fi„)) we can choose 
i„ G (t — p„,t + p n ) n (0,T) such that u„(t n ) G ff 1 ^) for all n G N. For 
these choices of i„, we have ||u n (in) — M ra(i)II.L 2 (f2„) -> as n -> oo. It follows 
that u n {t n )\ n u(t) in L 2 (ft) weakly. Since ft c ft ri for all ?i G N, the restriction 
u n (t n )\ n belongs to for all n G N. Hence it follows from the weak convergence 

Of tin (in) | n = «n(*n)|n ^ u {t) m i 2 (^) that 

/ <9j -(u„(i„)| n )0dx = - / u n {tn)\ n dj<l>dx ->• - / u(t)dj(j>dx = / dju{t)(j>dx, 
Jn Jn Jn Jn 

for all G C c °°(fi) for j = 1, 2. This means V« n (i„)| Vit(i) in L 2 (^, R 2 ). Thus, 
Un{tn)\ a is bounded in As is bounded and satisfies the cone condition, we 

have from the Rellich-Kondrachov theorem that the embedding «-> L 2 (fi) 

is compact (see [1, Theorem 6.2]). Therefore, u n (i n )| n has a subsequence which 
converges strongly in L 2 (fl). Since we have a prior knowledge of weak convergence 
v>n(t n )\ n — 1 u(i) in L 2 (fl), we conclude that the whole sequence u n (t n )\ n — > u(t) 
in L 2 (0) strongly. By the choices of t n , we conclude that u n (t)\ n — > u(t) in 
i 2 (0) strongly. Since the above argument works for almost everywhere t G (0,T), 
we deduce from the dominated convergence theorem that u n \n = Un\n ~^ u in 
i 2 ((0, T), L 2 (Vl)) strongly. As the cutting line is a set of measure zero in K 2 , we 
have u n — > u in i 2 ((0, T), L 2 (D)). By extracting a subsequence (indexed again by 
n), we can choose S arbitrarily closed to zero in (0,T] such that u n (S) — > u(S) in 
L 2 (D). The required convergence in C([S, T], L 2 (D)) follows from the argument in 
the proof of Theorem 4.11 and Theorem 4.13 with the integration taken over [8, T] 
instead of [0, T] (see also the proof of [8, Therem 3.5]). 



5. Application in Parabolic Variational Inequalities 

In the previous section we have seen some applications of Theorem 3.4 when K n 
and K are closed subspaces of V. In this section, we consider the case when K n 
and K are just closed and convex subsets of V. We show here a similar convergence 
properties of solutions of parabolic variational inequalities. 

Let K n ,K be closed and convex subsets in V. For each t G (0,T), suppose 
a(t; •, •) is a continuous bilinear form on V satisfying (5) and (6). For simplicity, 
we assume that A = in (6). We denote by A(t) the linear operator induced by 
a(i; •, •). Let us consider the following parabolic variational inequalities. Given 
uo, n G K n and /„ G i 2 ((0,T), V'), we want to find u n such that for a.e. t G (0,T), 
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u n (t) G K n and 

f (u'(t), v - «(<)) + (A(t)u(t), v - u(t)) - (f n {t),v - u(f)) > 0, Vw € A'„ 

^ (51) 

When K n , f n and u n converge to K,f and Uoi we wish to obtain convergence 
results of weak solution of (51) to the following limit inequalities. 

f (u'(t), v - u(t)) + (A(t)u(t), v - u(t)) - (f(t), v - u(t)) > 0, W G K 

{ ( 52 ) 
[ u(0) = u . 

Throughout this section, we denote the weak solution of (51) by u n and the weak 
solution of (52) by u. The notion of our weak solutions is given in Definition 2.2. 

Theorem 5.1. Suppose f n — > f in L 2 ((0, T), V), ito,r» — ^ uq in V and Uo,n — ^ u a 
in H. Then the sequence of weak solutions u n is bounded in L 2 ((0,T),V). 

Proof. Let v G W{(0, T), V, V) n L 2 ((0, T), A) be the constant function defined by 
v(t) := u for t G [0,T]. Similarly u„ G VK((0, T), 1/, V) n L 2 ((0, T),K n ) defined 
by v n (t) := u ,n for t G [0,T]. It follows that v„ — « in L 2 ((0, T), 1^). Since u n is 
a weak solution of (51), 

i-T 

(A(t)u n (t),u n (t)-v n (t)) dt 

< J (v' n (t),V n (t) - U n (t)) - (f n (t),V n (t) - U n (t)) dt+^\\v n (0)-U , n \\% 
T 

{fn(t),V n (t) - U n (t)) dt. 

Jo 
Thus, 

T 

(A(t)u n (t) - A(t)v n (t),u n (t) - v n (t)) dt 

< [ (A(t)v n (t), v n (t) - u„ {t)) - (f n (t), v n (t) - u„ {t)) dt 
Jo 

< \\A(t)v n - fn\\L 2 ((0,T)y)\\v n - «n||l,2((0,T),V)- 

By the coerciveness of A(t), 

a\\u n - w„||L 2 ((o,T),y) < \\A(t)v n - /„||l 2 ((o,t),v)- 

We conclude from the weak convergences of v n and f n that u„ is bounded in 
L 2 ((0,T),V). □ 

Theorem 5.2. Suppose f n —tfin L 2 ((0,T),V'), Uo, n — 1 uq in V and wo.„ — > uq 
in H . If K n converges to K in the sense of Mosco, then the sequence of weak 
solutions u n converges weakly to u in L 2 ((0,T),V). 

Proof. By Theorem 5.1, we can extract a subsequence of u n (denoted again by u n ) 
such that u n — ^ k in L 2 ((0, T),V). Since u n G L 2 ((0, T), K n ), we apply Mosco con- 
dition (M2') (from Theorem 3.4) to deduce that the weak limit k G L 2 ((0,T),K). 
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By the uniqueness of weak solution, it suffices to prove that k satisfies (15) (with 
u replaced by k) in the definition of weak solution. 



By Mosco condition (Ml'), there exists w n <E L 2 ((0,T), K n ) such that w n — > k 
inL 2 ((0,T),V). Letwg W((0,T), V, V')nL 2 ((0,T), K). We again apply Theorem 
3.4 for Mosco condition (M 1" ) to get a sequence of functions v e W((0, T), V, V) n 
L 2 ((0, T), K n ) such that v n -> v in W((0, T), V, V). For each n G N, 

(A(t)w„(i),u n (t)-it n (i)) 

= (A(t)«»(t), u n (t) - Un(t)) + (A(t)w n (t) - A(t)u n (t),v n (t) - Un(t)) 

= (A{t)u n {t),v n (t)-u n (t)) + (A{t)w n {t)-A(t)u n (t),w n (t)-u n (t)) 

+ (A{t)w n (t) - A{t)u n (i) , v n (t) - w n (t)} . 

Hence, by definition of weak solution on K n and coerciveness of A(t), 



We finally prove strong convergence of solutions. 

Theorem 5.3. Suppose f n — > f in £ 2 ((0, T), V'), Uo,n -'Ho ifiF and uo, n — > uq 
in H . If K n converges to K in the sense of Mosco, then the sequence of weak 
solutions u n converges strongly to u in L 2 {{Q, T), V). 

Proof. By the coerciveness of A(t), 




for all n £ N. Letting «->oo, 




This implies k is a weak solution of (52) as required. 



□ 




(53) 
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For each e > 0, we define u t by 

eu 

u e (0) = u Q . 

Thcnu e g W{{0,T),V,V')nL 2 ((0,T),K) and u e -> u in L 2 ((0,T),\/) as e -> (see 
in the proof of [15, Theorem 2.3]). For each e > 0, Mosco condition (Ml") (from 
Theorem 3.4) implies that there exists u e> „ g W({0, T), V, V ) n £ 2 ((0, T),K n ) such 
that u £ .„ — > u £ in VF((0, T), V, V) asn4 oo. Since u n is a weak solution of (51), 

(A(t)u n (t),u n (t)-u{t)) dt 



< / (v' n (t),v n (t) - u„(t)) - / (f n (t),v n (t) - u„(t)) dt 
Jo Jo 

l z" 7, 
+ tjIMo)-^!!^ + y (^KW^W-tt^fft, 

for all v g W((0,T), V, V) n L 2 ((0,T),K). In particular, taking v n = M e , n , 

fT 

(A(t)it„(t),u„(t) -u(t)} dt 

< f « in (t),u e ,„(t) - u„(t)) dt- / (/„(*), u 6 ,„(i) - u„(t)) dt 
Jo Jo 

1 z" 7, 

+ Tjlk,"^) -Uo,«||ff + _/ (^(*)«n(*). «e,n (*)-«(*)) dt. 

Letting n — » oo, we obtain 

limsup / (A(t)u n (t) , u n (t) — u(t)) dt 

71— >OG JO 

</ (u' e (t),u e (t)-u(t))dt- f (f(t),u e (t)-u(t))dt 
Jo Jo 

+ i||u 6 (0) - UoIIh + / (i4(t)«(*), « e (*) - «(*)) ^ 

T /-T 
2 



\\<(t)\\ 2 Hdt- / (f(t),u e (t)-u(t))dt 
o Jo 

(A(t)u(t),u e (t) - u(t)) dt 



<-/ (f(t),u e (t)-u(t)) dt+ (A(t)u(t),u € (t)-u(t)) dt. 
Jo Jo 

This is true for any e > 0. Hence, by letting e — > 0, 

limsup / (A(t)u n (t),u n (t) -u(t)} dt < 0. 

n— s-oo Jo 

On the other hand, the weak convergence of u n in Theorem 5.2 implies 

lim f (A(t)u(t),u n (t) -u(t)) dt = 0. 
™^°7o 
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Thus, 

limsup / (A(t)u n (t) - A(t)u(t),u n (t) - u(t))dt < 0. (54) 

n— »oo Jo 

It follows from the coerciveness of A(t), (53) and (54) that 

a\\u n -u\\ 2 L2{{0T)v) < / (A(t)u n (t)-A(t)u(t),u n (t)-u(t)) dt^O, 
Jo 

as n-> oo. Therefore, u„ — > u in L 2 ((0, T), X^). □ 
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